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THE STRUCTURE OF SOME EQUIVARIANT THOM SPECTRA

STEVEN R. COSTENOBLE

ABSTRACT. We show that the equivariant Thom spectra MOz, and mOg,
do not split as wedges of equivariant Eilenberg-Mac Lane spectra, as they do
nonequivariantly. This is done by finding two-stage Postnikov towers giving
these spectra, and determining the nontrivial k-invariants. We also consider
the question: In what sense is the spectrum mOz, representing unoriented
bordism unique?

INTRODUCTION

In [6] it was shown that, for groups of odd order, the unoriented equivariant
Thom spectra decompose as wedges of Eilenberg-Mac Lane spectra, just as in
the nonequivariant case. One of our goals in this paper is to show that this
is not true when the group is the two-element group Z,. In fact, we show, in
Theorems 3.8 and 4.5, that the two common versions of the Thom spectrum,
MO, and mO,, (defined in §§3 and 4), have nontrivial two-stage Postnikov
towers, and we determine the k-invariants.

Of course, in order to talk about equivariant k-invariants we must know
something about equivariant Eilenberg-Mac Lane spectra and maps between
them. §2 is devoted to studying the cases that we need, and in particular we
compute there some of the simpler equivariant cohomology operation groups.

In §4 we raise the question of the uniqueness of the spectrum representing
equivariant geometric bordism, and give several answers. In §5 we study certain
equivariant transfers, in order to give a more satisfactory uniqueness result than
we get in §4.

1. PRELIMINARIES

We start with some general results on the structure of Z,-spectra. Throughout
this paper we will use the categories of equivariant spectra developed in [10];
much of this section is a summary of results proved there, particularly in its
§IL.9.

The basic construction that we wish to examine is this: Recall that there is a
Z,-space EZ, which has a free Z,-action, and is contractible when we forget
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the Z,-action. Let EZEr denote this space with a disjoint Z,-fixed basepoint
attached. There is a unique nontrivial based map EZQr - 8° , Where S° is the

two-point space with trivial Z,-action, and we let EZ , be the cofiber of this
map. If Y is any Z,-spectrum, we get the cofibration sequence

(%) EZ; NY =Y - EZ,\Y.

In this section we will look at the two outside terms of this sequence, and show
that they are determined by certain nonequivariant spectra depending on Y .
This has the effect of reducing the study of Y to nonequivariant questions. In
particular, this will be the starting point of the study of the spectrum A 0Zz
In §3 we will see that this cofibration sequence, when Y is M 0Z2 , is almost
the two-stage Postnikov tower that we are looking for.

Now for some details. Let L denote the nontrivial one-dimensional real
representation of Z,, and R the trivial one. Let = R® @ L™ be a complete
Z,-universe (in the language of [10]). Then we have the category Z,* % of
Z,-spectra indexed on % . We also have the categories % and ¥ % Z: , of
nonequivariant spectra indexed on % and %% respectively, where Z L _ g™

There are various functors relating these categories. Let e denote the trivial
group, and let p: Z, — e be the unique map. Then there is an induced functor

p Pl — 2,5 U

which gives a nonequivariant spectrum the trivial Z,-action, and extends its
grading to all of 7Z . This functor has a right adjoint

()2 2,9 - U™,

which restricts the indexing to #Z 22 and then takes spacewise fixed-points. On
the other hand there is the inclusion of the identity, i: e — Z, which induces
a functor i*: Z,.¥ % — ¥ % ; this functor merely forgets the Z -action.

We also need to relate the categories .’ % and % L leta:¥2ow
be the inclusion. Then, as explained in [10, §II.1], we have a pair of adjoint
equivalences o": ¥ — ¥ %% and a,: LU Z: _, %% . Therefore, we
will adopt an abuse of language and consistently confuse ¥ % and % Z
For example, from the definitions it is easy to see that i’p° X = o, X for any
nonequivariant spectrum X . Therefore, we will say that i*p*X is naturally
equivalent to X . Again, for a Z,-spectrum Y, the adjunctions give us a nat-
ural map o, (Y%) = i*p*(Y?) — i"Y, so we will say that there is a natural
transformation Y% — ;*Y , which we think of as inclusion ,Qf the fixed-points.

Let us begin studying the cofibration () by studying EZ, A Y. Define a
functor

0:2,5U - U

by ¢(Y) = (ﬁz A Y)Zz . For many purposes this functor has better properties
than the fixed-point functor (see [1, §7, and 10, §I1.9]).
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Theorem 1.1. If X is a nonequivariant CW -spectrum, there isa natural equiv-
alence X ~ ¢p* X, the map being the one adjoint to p°X — EZ,Ap*X . If Y
is a Z,-CW-spectrum, there is a natural equivalence

EZZ Ap QY ~ EZZ AY,
the map being induced by the adjoint of the identity map ¢Y — @Y .
These statements are special cases of 11.9.10 and I1.9.11 of [10].
Theorem 1.2. If X and Y are Z,-CW-spectra, then

[X.,EZ,A Y], =[EZ,AX,EZ,AY], =[pX,0Y]

where [—, =1z, denotes Z,-homotopy classes of Z,-maps, and [-,-] denotes
nonequivariant homotopy classes of nonequivariant maps.

The first isomorphism comes from I1.9.2 of [10], and the second is immediate
from Theorem 1.1.

These two results allow us to reduce questions about the spectrum EZZ ANY
to nonequivariant ones. In fact, they say that the category of such spectra is
equivalent to the nonequivariant category, via ¢ . (Again, this is a special case
of 11.9.6 of [10].)

Now we turn to spectra of the form EZ; AY .

Theorem 1.3. Suppose that f: X — Y is a map of Z,-CW-spectra, such that
i*f:i"X — i"Y is an equivalence. Then 1 A f: EZ; NX — EZ, AY isa
Z,-equivalence.

This follows from I1.2.2 of [10].
To further understand EZQr A'Y, we introduce the notion of a split Z,-
spectrum. Recall from [11] that a Z,-spectrum Y is said to be split if there

is a nonequivariant map &: 'Y — ) , such that the composite of ¢ with
inclusion of the fixed points, i'Y — Y2 ity , is (homotopic to) the identity.
By adjunction, a splitting gives us amap &:p*i'Y —» Y.

Lemma 1.4. If Y is a split Z,-spectrum, then i*E: i*'p*i"Y — i*Y is an equiv-
alence.

The proof just involves checking the definitions and adjunctions involved.

Theorem 1.5. If Y is a split Z,-spectrum, then there is a natural equivalence

EZ, NY ~EZ, Ap"i"Y.

This follows immediately from Theorem 1.3 and Lemma 1.4,
Again, this says that E Z; AY is determined by the nonequivariant spectrum
i"Y . Putting together Theorems 1.1 and 1.5, we get the following theorem.
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Theorem 1.6. If Y is a split Z,-spectrum, then there is a (co)fibration sequence
EZ; Ap"i"Y — Y — EZ, Ap"¢Y.

Thus, to understand the structure of Y , it suffices to understand the nonequi-
variant spectra i'Y and @Y, and the connecting map

EZ,Ap"9Y — SEZ, Ap"i"Y.

Finally, let us record some more facts about split spectra. First we introduce a
notation we will use throughout the rest of the paper. If X isa Z,-spectrum or
a nonequivariant spectrum, we write X, (—) for the reduced homology theory
on based Z,-spaces or spaces that the spectrum represents, and X *(=) for
the cohomology theory. (We will always index on the integers.) Similarly,
write X,(—) and X"(—) for the theories on spectra. Write X, = /\N’*(SO) and
X =X"(5%,s0 X" =X_,.

Recall the following facts about nonequivariant spectra.

Theorem 1.7. If X and Y are nonequivariant CW-spectra, and f: X’*(A) —

Y (A) is a natural transformation of homology theories on finite CW-complexes
A, then f is represented by a map of spectra X — Y .

Corollary 1.8. If X and Y are nonequivariant CW-spectra such that the homol-
ogy theories they represent are naturally equivalent on finite CW-complexes, then
X and Y are equivalent.

The proofs of these results are standard applications of Spanier-Whitehead
duality, Milnor’s lim' exact sequence, and the Whitehead Theorem. We have
stated these results both because we will use them, and because we want to
point out that they are not true in the equivariant context, at least if we insist
on using integer grading. Examples of this are easy to find among the Eilenberg-
Mac Lane spectra that we will look at in the next section; we will give another
example in bordism later. We can fix this by using RO(G)-grading, but this is
not always a natural thing to do. For example, bordism is most naturally graded
only on the integers.

One observation we make from Theorem 1.7 is that we can tell that a Z,-
spectrum Y is split by noticing the algebraic fact that f’*(A) — 'Y (A4) is
a naturally split epimorphism for all Z,-trivial finite CW-complexes 4. For
example, this is easy to see for bordism theories.

If X is a Z,-ring spectrum, we require that any splitting be a map of ring
spectra. With this we can show

Theorem 1.9. Suppose that X is a split Z,-ring spectrum, that Y is a Z,-
spectrum, and that (Y A X)" is a flat (i X)"-module. Then for finite nonequiv-
ariant CW-spectra A we have a natural isomorphism

(" X)(A) ® . xy- (Y AX) = (Y AX) (P A).

Moreover, this isomorphism is also natural in Y .
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Proof. The transformation is defined in the obvious way, as the composite
4,7 XT S, Y AX]y, =[P 4,071 X]; ®[S,Y AX];,

é * * *
=[P4, X7, ®[S,Y AX]y,
— [P A, YAXAX], =[P4, Y AX]; .

This is clearly natural in 4 and Y . Moreover, if we let 4 =S, we see that it
is an isomorphism. The flatness assumption assures us that we are comparing
cohomology theories, so we conclude that the map is an isomorphism for any
finite A. 0O

Corollary 1.10. Suppose that X is a split Z,-ring spectrum, that Y is a Z,-
spectrum, and that (Y A X)* is a free (i*X)"-module. Then (Y A X)™ is a
wedge of suspensions of i* X , and the conclusion of Theorem 1.9 holds for any
nonequivariant CW-spectrum A .

Proof. Combine Theorem 1.9 and the easier cohomological version of Corollary
1.8. O

2. EILENBERG-MAC LANE SPECTRA

In order to describe an equivariant Postnikov tower, we need to know some-
thing about the equivariant analogues of Eilenberg-Mac Lane spectra, and some-
thing about maps between them. In this section we look at the cases that we
need for our study of Thom spectra.

Let us write HZ, for the nonequivariant Eilenberg-Mac Lane spectrum with
n,HZ, = Z, and n,HZ, = 0 for n # 0. This spectrum represents ordinary
homology and cohomology with Z, coefficients. If we omit the coefficients
below, this is the theory we mean.

To specify a nonequivariant Eilenberg-Mac Lane spectrum we need to specify
only a single group, but for the equivariant analogue we need more: we need
to specify a Mackey functor (see, for example, [9]). Recall that if X isa Z,-
spectrum, there is a Mackey functor z,(X) which has

2,(X)(Zy/Z,) = m,(X?) = [S", X],,

and
n,(X)(Zy/e) = m,(i"X) = [S",Z; A X],,.

The structure maps are the “restriction,” induced by the inclusion of the fixed-
points, X L, x , and the “transfer,” induced by the equivariant projection
Z; A X — X. Given a Mackey functor M, the corresponding Z,-Eilenberg-
Mac Lane spectrum, which we will call HM , is the Z,-CW-spectrum (unique
up to equivalence) with

_[M, n=0;
n(HM):{O n#0
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as Mackey functors. The equivariant homology and cohomology theories that
these spectra represent are Bredon’s ordinary theories, as extended to the stable
context in [9]. We denote these theories by Hf’(— ;M) and H;z(— M)
There are several Mackey functors that we will be interested in. Let Z,
be the functor with Z,(Z,/Z,) = Z, = Z,(Z,/e), with the restriction map
Z,(Z,/Z,) — Z,(Z,/e) being the identity, and the transfer Z,(Z,/e) —
Z,(Z,/Z,) being the zero map. Write 22 for the “dual” functor; again it has
the value Z, at both orbits, but now the restriction is zero while the transfer is
the identity. Let @ be the functor with ®&(Z,/Z,) = Z, but ®(Z,/e) =0, and
let Q be defined by Q(Z,/Z,) = 0 while Q(Z,/e) = Z,. The corresponding
Eilenberg-Mac Lane spectra are then HZ,, HZ,, H®, and HQ. It is useful
to know what the corresponding homology theories look like for @ and Q, and
they are
‘ HP(4;0) = H,(4%) and H?(4:Q) = H,((4/2,)/4")
for any Z,-CW-complex 4.
We start by examining the fibration sequence E Z; ANHM — HM — EZZ A
HM when M is one of these Mackey functors.
Theorem 2.1. H® ~ EZ, Ap*HZ,.

Proof. Check the homotopy groups of ﬁz ADp*H Z,. By Theorem 1.1 and the
fact that EZ, is nonequivariantly contractible, they are the same as H®. O

This result completely determines the fibration sequence for H®; in partic-
ular, it shows that EZ;r A H® is trivial, since EZ; AEZ, is Z,-contractible.

The following result shows that the Mackey functors Q, Z,, and Zz are
closely related. Because of this result, it often suffices to study just one of them.
We will concentrate on Q for the most part.

Lemma 2.2. ZL_'sz ~ HQ ~ Z'_Lsz , and the equivalences are unique up
to homotopy.
Proof. Again, check the homotopy groups. In fact, using an explicit cellular

structure for S°* and the cellular definitions of Bredon homology and coho-
mology, we can compute

Z,, a+b=0anda<0,
Q, a=b=0,
z,(E"HQ)={ Z,, a+b=0anda>0,
®d, a+b>0anda<0;ora+b<0anda>0,
0, otherwise.

Since there is only one nontrivial homomorphism Q — Q, it follows (from
the Universal Coefficient spectral sequence, for example) that there is (up to
homotopy) only one nontrivial self-map HQ — HQ. From this follows the
stated uniqueness of the equivalences. O
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Corollary 2.3. There is a unique nontrivial Z,-map 6: HQ — L 'HQ, and it
is a nonequivariant equivalence.
Proof. There is a unique nontrivial map of Mackey functors Q — Z,, in-
ducing HQ — HZ, = si'"HQ. HQ — HZ, is clearly a nonequivariant
equivalence. 0O

We also note that suspension of 6 gives a unique nontrivial map HZ, —
='"'HZ,, which we will also call 6.

Corollary 2.4. 0 induces Z,-homotopy equivalences
EZ; AHQ ~3""'EZ; AHQ

and

EZ; NHZ,~3""'EZ} AHZ,.
Proof. Combine Corollary 2.3 and Theorem 1.3 for the first statement, and then
use Lemma 2.2 to get the second by suspending. O
Theorem 2.5. EZ; AHQ~EZ, Ap"HZ,~EZ; AHZ,.
Proof. Apply Theorem 1.5 to the spectrum HZ,, which is clearly split. Since

HQ — HZ, is a nonequivariant equivalence, we can use Theorem 1.3 to replace
Z, with Q. O

Theorem 2.6. -
— k
EZ,NHQ~ \/ Z°"H®
k=1
and -
s k
EZ,ANHZ,~ \/ Z"H®.
k=0
Moreover, these decompositions can be chosen so that the map ﬁz ANHQ —
E‘Zz A HZ, is the obvious inclusion, and the maps

EZ,NHQ -~ 3"'EZ, AHQ ~3"'EZ, AHQ
and
EZ,ANHZ,—~%""'EZ,AHZ,~3"'EZ, NHZ,

induced by 0 are given by the obvious “shift of summands” maps.
Proof. Consider the map p*HZ2 — HZ, adjoint to the equivalence HZ, ~
(HZZ)Z2 . Using Theorem 1.1, it is not difficult to show that the composite
q)p'HZ2 — 9HZ, — ¢H® is an equivalence, and so the composite I?Z/2 A
p'H Z,— EzzAH Z, — HO isa Z,-equivalence. This splits off the lowest H®,
and in particular gives us a map H® — EZZ A HZ, which is an isomorphism
on the lowest homotopy group.

Now consider the equivalence HZ, ~ s'"'HQ and the map 0: EZZAH Q—
E‘Zz ANHZ, ~ Z'lﬁz A HQ. Composing the map HP — 1’5\Z2 ANHZ, ~
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Z_'ﬁz A HQ with iterates of 6 gives us a sequence of maps s*H® - Ezz A
HZ,, for k >0, and s H® — Eiz AN HQ, for k > 1. Together, these give
us maps \/{2 ZH® — EZ, A HZ, and \/° ,Z*H® — EZ, A HQ, which
are homotopy isomorphisms, hence homotopy equivalences. By construction,
the several maps of the statement of this result respect these decompositions as
claimed. O

There is a characterization of the connecting map ﬁz ANHQ — ZE Z; ANHQ
which will be useful. Notice that this map is an equivalence on fixed-points,
because HQ? is trivial.

Theorem 2.7. If f: \/:’;l s*HO - ZEZE'/\HQ is a Z,-map which is an isomor-
phism on fixed-point homotopy, then f factors through the map EZZ ANHQ —
ZEZQL ANHQ, and the resulting map V,‘:‘;I s*H® - ﬁz ANHQ is an equivalence.

Proof. To get that f factors as claimed, note that the composite of f with
the map ZEZ; A HQ — HQ must be trivial. This is true for dimensional
reasons: there are no nontrivial maps s*H® - HQ for k >0 (consider the
Universal-Coefficients spectral sequence, for example). Once we know that f
factors as desired, the map into Eiz A HQ will be a homotopy isomorphism
by our assumptions, so will be an equivalence. O

Now we turn to the study of equivariant cohomology operations. Let Mz‘
denote the nonequivariant mod 2 Steenrod algebra. We will grade maps between
spectra cohomologically, so that a map X — Y of degree n is the same as a
map X — X"Y of degree 0. We will confine ourselves to integer grading (but
see the comment following the next result).

Theorem 2.8. [H®, H(I)];2 =g
Proof.
[HO,H®), =[EZ,Ap HZ,,EZ, Ap"HZ,];
=[HZ,,HZ,|' = &,
by Theorems 2.1, 1.2, and 1.1. O

Notice that the restriction to integer grading is not really important here,
since H® ~ XFH®. For the same reason, all of our integer-graded results
involving H® gives us RO(Z,)-graded results, if we want them.

Let X be any Z,-space or spectrum. 6 induces functions

0: (HO, X ANHQY, — [HO, X AHQY, '
6: [H®, X AHZL,l, — [H®, X AHZ,)]; ",

given by [H®,X A HQ], — [H®,Z7'X A HQJ; = [HO,Z™'X A HQJZ,
using the fact that H® ~ $"H® (the second version of 6 is defined in the
same way).
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Lemma 29. [H®,EZ, A HZ,);, =%, [[6]].

Note. &/, acts on [HQ,EZZ A HZZ];2 via maps H® — H®, and 6 acts as
defined above. Therefore, this isomorphism is to be understood as an isomor-
phism of %*[[0]]-modules, where MZ*[[O]] denotes the ring of homogeneous
formal power series in 6 with coefficients in %* . This makes sense because
the degree of 0 is —1.

Proof. . This follows from Theorems 2.8 and 2.6. Notice that Theorem 2.6 says
that 6 is given by the evident shift operation when we use that decomposition
of EZ,AHZ,. O

Theorem 2.10.
[H®,EZ; AHQY, =2,"[[0,07']]

and
[Hd>,HQ]Zz =4, {0,,0,,...},
where o, is the image of 67",

Again, these are to be understood as isomorphisms of modules. The free
module over .Mz* with basis consisting of elements called o; for i > 1 is
denoted by %, {a,,0,,...}.

Proof. Consider the fibration sequence EZ; ANHQ — HQ — EZZ A HQ, and
the resulting long exact sequence involving maps from H® into these spectra.

[HP,H Q];2 =0 for n < 0 by connectedness. The long exact sequence says
then that

[HD,EZ; ANHQ, =[H®,2'EZ,AHQl, , n<0,
=[H®,EZ, AHL,]; .
On the other hand, 6 is an isomorphism
[HD,EZ; NHQI, = [HO,EZ; AHQY, ',

as we see by Corollary 2.4. Combining this with the calculation of Lemma 2.9,
we must have that [H®, EZ; A HQ), = 54([0,07']] as stated. Here 67" is
just the inverse of the isomorphism 8.

This implies that the long exact sequence is actually a short exact sequence

0 — ’[[6]] - (16,6 ]| — [HD, HQ], — 0.

Therefore, as .%,"-modules, [H<I>,HQ];2 = ,"{0,,0,, ...}, where g, is the
image of 67'. O

We will use the last calculation of this theorem in the form
[HO,ZHQ, =,[67'],

with a slight abuse of notation.
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We need a slightly more general form of this calculation. If V' isa Z,-vector
space and M is a Mackey functor, write M ® V' for the Mackey functor with
(M®V)G/H) = M(G/H)® V. If V" is a graded Z,-vector space, write
H(M ®V™) for the spectrum \/2___ SHMe VY.

Corollary 2.11. If V™ and W™ are graded Z,-vector spaces, then
[H®®V"),EZ; AHQ® W), = Hom, (V" 5, @W'([0,07']])

and
[H@®V"),ZH(Qe W), =Hom, (V" % 8w [[6"'])

(® indicates the completed tensor product).

Proof. Write H(® ® V™) as a wedge of suspensions of H®, using a basis for
V* . Then a map out of H(®® V") is completely determined by its restriction
to each summand of H®. The calculations follow easily from the previous
calculation.

Another useful way of looking at the same argument is this. Any particular
map f: H®®V") - EZ; NH(Q® W), say, is completely determined by the
induced homomorphism f, as in

[HO, H®® V"), ~ A, RV
Iy RS
[H®,EZ; A\HQe W), = #4"8W[[6,67']].

Since f, preserves the action of 2%, , it is completely determined by the adjoint
vector-space homomorphism V" — %*@)W*[[() ,67'11. o

This result will be useful because the two-stage Postnikov towers we will be
considering will have k-invariants of precisely this form: maps from H(®QV™)
to ZTH(Q®W™). Thus this calculation tells us what all the possible k-invariants
are, and gives us a way of specifying a particular invariant.

Let us complete this preliminary look at these Postnikov towers with some
comments on how the k-invariant can be determined computationally. The
proof of Corollary 2.11 gives us one good way: Calculate the homomorphism
induced by the k-invariant in the cohomology of the spectrum H®. This will
be our approach in studying M 0Z2 in the next section.

However, it is curious that there is a place where we will never be able to detect
the k-invariant. That place is the homology of spaces. In this we part company
rather radically with the nonequivariant world. Here is the precise result. We
switch to homological grading (so H(®®V,) = V,;“;_oo s H (®®V,), and so
on).

Theorem 2.12. Suppose that k: H®®V,) - ZH(Q®W,) isa Z,-map, and X
is its fiber. Then for any Z,-CW-complex, there is a naturally split short exact
sequence

0— H?(4;Q @ W, » X,(4) » H*(4;®) 0V, — 0.




EQUIVARIANT THOM SPECTRA 241

In other words, X .(A) is naturally isomorphic to the direct sum of the two outside
terms. Thus neither the value X,(A), nor any map X, (A) — X,(B) induced by
a space-level map A — B, depends on k.

Proof. The short exact sequence above comes from the long exact sequence
induced by the fibration sequence defining X . We show Ehat we can define a
natural splitting, which shows that it is short exact. Since H,“Z2 (AZ2 ;Q) =0 and
ﬁf’(A ;D) = I#;V‘ZZ(AZ2 ; @), we have a natural isomorphism

H2(4;0) 0V, = X,(4%).
Combining this with the natural map X'*(AZ’) — ;\;*(A) gives the splitting. O

This simple observation has some interesting consequences for equivariant
bordism, which we will return to in §4.

To end this section, let us look at one more group of maps between spectra
which we will need in the next section.

Theorem 2.13.
[EZ; AHQ,HQ), = [EZ; A\HQ,EZ; NHQJ, =,"[67").

The action of /," is given via the equivalence EZ, NHQ ~ EZ; Ap"HZ,.

Proof. The first isomorphism follows from Theorem 1.2, because the third term
in the long exact sequence would be

(EZ; NHQ,EZ, AHQJ, =[EZ,NEZ; AHQ,EZ, NHQ], ,
which is 0 because EZ, A EZ} is Z,-contractible.
Since [p"HZ,,HQ]; =[HZ,, (HQ)™1" =0, we have
[EZ; Ap"HZ,,HQ]; = [£™'EZ, Ap"HZ,, HQJ, .

However, Z_'ﬁzAp'H Z,~%" 'H® , s0 the calculation follows from Theorem
2.10. O
Warning: the ring structure given by composition in
[EZ; AHQ,EZ; A HQJ,

is not the polynomial structure suggested by this isomorphism of Mz* -modules.
The actual multiplication is not important here, and will be dealt with in a
future paper.

3. THE STRUCTURE OF MO,

Let M 0Zz be the Z,-spectrum defined by letting M OZZ(V) be the Thom
space of the universal Z,-vector bundle of dimension |V|, the dimension of
V' (in the language of [10], this defines a prespectrum, and we really want
M 0Z2 to be the spectrum it generates). In this section we show that, unlike the
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nonequivariant case, this spectrum is not the product of Eilenberg-Mac Lane
spectra. We will, in fact, find a two-stage Postnikov tower for this spectrum, and
determine the k-invariant, by studying and modifying the fibration sequence

+ ~—
EZ, /\MOZz — MOZ2 — EZZAMOZZ'

We start by recalling some known results. First of all, we should comment
that, while M 022 does not represent the usual bordism of Z,-manifolds, it does
represent the stable bordism groups. These are the bordism groups of stable Z,-
manifolds, where a stable manifold is the equivalence class of a Z,-map

f:(M,0M)— (D(L"),S(L")),
M a Z,-manifold, where f is considered to be equivalent to
fx1: (M xD(L™),8(M x D(L™))) — (D(L"™™),S(L"™™))

for any m (rounding corners as necessary). See [4 or 5] for a fuller account.
The useful consequence of this is that geometric arguments and constructions
originally given for the usual bordism groups can often be carried over with
only small modifications to the stable bordism groups, and hence give results
about M OZz .

Write MO for the nonequivariant Thom spectrum. We first see that i* M 0Zz
= MO, as is obvious from thg\d/eﬁnition. Next, notice that there is an easily
defined splitting AFJVO*(A) - M sz(A) which assigns to each nonequivariant
manifold over the Z,-trivial space A the same manifold with trivial Z,-action.
By Theorem 1.7, we conclude that M 0Zz is a split ring spectrum.

Theorem 3.1. (EZ,AMO, )" = 4" =MO"[B;",B,,B,,...] where |B;| = —i
and the brackets denote the polynomial ring (with B, inverted). Also, (EZ; A
MO, )" = MO {ry,r,,...} where |r| = —i and the braces indicate the free
module with the indicated basis. The fibration sequence induces a short exact
sequence

0~ MO, — £ 55'MO {ry,r,,...} =0

with 6(,81") = ):_lrn_l for n > 1. In particular, this shows that M 022 is a free
MO -module.
Proof. This is well known; see for example (2, 3, and 7]. We can apply the

methods of the first two papers by noticing that their geometric arguments work
perfectly well with stable bordism. In particular we can interpret (E Z;'/\M 0Zz )"

as bordism of free manifolds, and (ﬁzAM OZZ)* as bordism of manifolds with
free boundaries. O

Corollary 3.2. EZ,AMO, ~H®®L").

Here we use the notation introduced before Corollary 2.11.
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Proof. We use Corollary 1.10 (with Y = EZZ and X =M Ozz) and Theorem
3.1 to show that p MO , = H(A"). Then apply Theorems 1.1 and 2.1 to get
the result. O

Recall that there is an equivalence MO , = )Yy ¥ 0,, 17,51

Corollary 3.3. F Z; AMO, ~E Z; ANH(Q® MO®). Moreover, this equivalence
can be chosen so that the equivalence

0: EZ; N\HQ®MO') ~3"'EZ; NH(Q® MO')

introduced in the last section agrees (up to homotopy) with the equivalence EZ;/\
MO, ~3x""'EZ] AMO, mentioned above.

Proof. Using Theorem 1.5, we have that EZ; A MO, =~ EZ; Ap"MO. But
MO~ H(MO") [12],and EZ; Ap*HZ, ~ EZ; A HQ, hence the equivalance.

To see that the last part of the statement of this result is true for this de-
composition, we first show that each summand of Ez; A HQ is carried to

itself by the map EZj A MO, — I'"'EZ; A MO, . Now, we can detect
self-maps of E Z; A HQ by “probing” with H®, by virtue of the equivalence
E Z; ANHQ ~ EZ%L Ap'H Z,, and the following commutative diagram:

[EZ; A p‘Hz12 EZ; NHQ), — [X7'EZ,Ap"HZ,,EZ; AHQJ,
= !

~

[EZ; Ap"H, ,HQ]; S [ZT'EZ,Ap"HZ,,HQJ, .
The isomorphisms in the diagram were noted in Theorem 2.13. This diagram
shows that the map across the top is injective, and in this sense we can detect any
self-map of EZ; AHQ by probing with the map ST'HO ~ Z"EZZ AP"HZ, —
EZ; Ap*HZ,~ EZ; AHQ. Since EZ; AHQ ~3""'EZ} A HQ, the same is
true for (integer graded) maps from E Z;’ ANHQ to ZL—'EZZ+ ANHQ.

Now it happens that there is such a probe available in a natural way. Take
amap p"MO - M 0Z2 adjoint to a splitting. This gives us a commutative
diagram _

EZ,Ap"MO — ZEZ;Ap"MO
| | =
EZ,AMO, — ZIEZ]AMO,.
In the decomposition EZZ ANM 0Zz ~H®L"), EZZ AP*MO corresponds
to the MO"-multiples of the identity in " . Following them in the diagram

EZ,AMO, - XEZ; MO,

L-177 L
'EZ,AMO, - 3'EZ;AMO,

we see that they get carried to the M O*-multiples of B ' down the left side.
Anticipating a calculation we will carry out in detail below, each summand of
H® corresponding to one of these multiples of 8~ ' is carried into a single
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summand of EZ§ A HQ , corresponding to the same coefficient. This, by the
“probing” idea above, is sufficient to show that each summand of E Z; ANHQ
is carried into itself, as we claimed.

But then we have for each summand a map EZ; A HQ — ZL"EZ;r AHQ
which is an equivalence; since there is only one nontrivial map of this sort, by
Theorem 2.13, this map must be §. 0O

Thus fiz ANM 0Z2 is already a wedge of Eilenberg-Mac Lane spectra, but

E Z; AM 0Zz is not. We need to make some modifications in order to make the
fibration sequence into a Postnikov tower.
First we examine the connecting map EZ,AM 0Z2 —2F Z; AM 0Zz . Follow-

ing the proof of Corollary 2.11, we compute the map [H<D,E"i2 ANM 022]22 —
[HD,ZEZ; A MO, ], . Recalling that H® ~ EZ, Ap"HZ, and EZ, =
colim, SoL , we approximate H® with the spectra bt p"HZ2 . More gener-

ally, consider the spectra of the form b p*A, where A is any nonequivariant
spectrum. Using the fact that [Z°“p* 4, Y]y, = [p*4,57% Y],, we are back
to studying cohomology theories on nonequivariant spectra. Thus we look at
p*4,2 " EZ,AMO, ], —[p* 4,2 ""LEZ; AMO, ]; . Now

= EZ,AMO,) =34,

using the fact that Z°*M0, ~ S7°M0O, . We will write Xx for the ele-
ment in dimension |x| + b of szl * corresponding to x in . Similarly,

(ET*SEZ; AMO,)" = 2°"'MO"{r,r,, ...} . By abuse of notation, we will
write r;,_, , for Zb_lri. Thus
(ETSEZ AMO,) = MO {r_y, 7y ys -}
We apply Corollary 1.10 to get
Lemma 3.4. If A is a nonequivariant spectrum, then
(EZ,AMO, )" (=" p" 4) = MO (A)8,,,.2' 2"
and
(EZ; AMO,) (Z""p"4) = MO" (4)8 0. MO {r_y, 17 _ypps -}
Moreover, the following diagram commutes:

MO (ARE L’ > (EZ,AMO,) (Z""p"4)
1 192a !
MO* (B ' MO {ry,ry, ...} = (ZEZ;j AMO,) (Z*"p*A).

(Note: the tensor products above are completed tensor products.)
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Thus we need to study %9 . As b varies, these maps are related by

b 3] +
A ——— MO {r_b+l,r_b+2, .

I |
b—1 + X710 *
UM —— MO {r_ ., s}

where the map labeled 8, Uis given by x Zb'l(ﬂl" lx) , and the map on
the right is given by r, —r, for k > -b+1,and r_, , maps to 0. These are
the maps induced by the inclusion se-bL _, gbL , since B ! is the Euler class
of the representation L, and we can see by representing the r; as explicit free
Z,-manifolds that g, ! acts on them to produce exactly this map.

Write (s), for the coefficient of r, in s€ M 0'{r_b +1» -++}- Then we know
that (£°9(2°x)), = (8x),,, for k > —b, by definition, and also (£°8(Z’x)),
= (aﬂl'bx)k for k > 1, by the diagram above. Thus (9x),,, = (8ﬂl'bx)k for
k>1.

We now take the limit over b. Since B, ! has an inverse, namely g, , we
have 4" = 4" by x — Bl_bx. So lim, s’ 4" = #". On the other
hand, we can see that

liII)nMO*{r_bH . }EMO{{r,| i€ Z}},

where the double braces indicate the module of infinite homogeneous linear
combinations of the elements r,. Let us write this last module as M o'[[6,6~ ! 1,
where |0] = —1, and think of elements of this module as Laurent series in 6,
with only finitely many terms of positive degree in 6. We are justified in reusing
the letter 6 here by Corollary 3.3.

Write 28 for the limit of the maps 5%8 . We see then that

58 (x) = f: (Z—k+la(2—k+lﬂl—k+lx))k0k

k=—00
= 3 (@87*'x)), 6"
k=—o00

S @B x)),67F + 3 (9x),6".
k=0

k=1
We can describe the coefficients in this series more geometrically. The map

1: MO{r,,ry, ...} > A

given by i(r,) = ,Bf is an explicit splitting of the short exact sequence of The-
orem 3.1 (writing, as usual, r;, for Z_Iri_l), showing that #* = MOE2 ®
MO*{r,,r,,...} as MO"-modules. dx can then be described as follows: since
xX+i10xeM 022 , the coefficients of dx are the (unique) elements of MO"
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such that x + Z,;“;l(ax)kﬂf € MO} . Now recall the map T': MO, — MO;Z_1
from [2]. It is given by the formula I'(x) = B x + &(x)B,, if we work in
M, where ¢: M 022 — MO" is the forgetful map. Therefore, if x € M 0’“2 ,
8(B,x) = &(x)r, . By induction, we can show, for any x € MO ,

(B x), = el (x), k>0,

and for any x € £~ ,

(,B:(+l =8l"k(x+18x), k> 0.

This gives another form for the coefficients of Z*°dx, i.e.,

00 oo
I®0x =Y el (x +10x)8 " + 3 (8x),6"
k=0 k=1
In this form, we can see that £°9 is essentially the map J studied by Board-
man in [3]. His results show that, for x not a polynomial in 8, and f, b
infinitely many of these coefficients are nonzero, and that £°9 is an injective
map.
Since, among other things, these results give that the inverse limit systems
over b consist of surjective maps, we have
Corollary 3.5. If A is a nonequivariant spectrum, then we have
MO (A, A" = (EZ,AMO, )" (EZ, A prA)
} 1820 la
* ~ * —1 ~ * Ty *
MO (A)®),0.MO™[[0,67'1] = (ZEZ; AMO, ) (EZ,Ap"A).
In particular, letting 4 = HZ, , we have

Corollary 3.6. The following diagram commutes:

A ®, M = [H®,EZ,AMO, ],

} 1829 la
&' ®, MO'[[0,67'] = [HD,ZEZ; AMO,]; .

Thus 8 € [EZ, A MO, ,LEZ; AMO, ], =Hom, (£ %, 8MO'([6,67'])
by Corollary 2.11, is given by °8, which is given by the formulae above.
Corollary 3.7. Any composite H®O — M 0 — H® is Z,-trivial.
Proof. Since £ is injective, any composne HO - M 0 — EZ AM 0Z is
trivial by Corollary 3.6. But by Theorems 1.2 and 2.1, any map M 0 — H(D
factors through EZ Z,A\MO. ,» SO the result follows. O

Thus M 0Z2 splits off no factors looking like H®, dashing any hopes that it
is a wedge of Eilenberg-Mac Lane spectra.

Now we want to convert the fibration that we started with into an honest Post-
nikov tower. Taking the splitting #£" = MO, ® MO™{B,, Blz , ...} induced
by 1, we can write

EZ,AMO, ~H@®® L")~ HO®® MO, )VH®® MO {8, 5], ...}).
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Notice that the map H(® ® £") — H(® ® MO, ) is the one induced by
M- M 022 , the latter map being given by x — x +19x.

Recall that Corollary 3.3 says that EZ; A MO, ~ EZ; A H(Q® MO").
Therefore there is a fibration sequence EZZ ANH(Q®MO") - XE Z;' AMO, —
TH(Q® MO"). Further, we know by Theorem 2.6 that EZ, AH(Q® MO") ~
H(CI>®M0'{,B] , B]z , -..}). By Theorem 2.7, these two maps into ZEZ;L/\MOZZ

from H(@®®MO"{B,, /312 , ... }) differ at most by a self-equivalence of the latter
spectrum. Thus we can fill in the rightmost vertical arrow in

H®®MO'{B,,8;,...}) - HO®L) — HD®SMO,)
H®® MO‘i{,B] ,Bl,...}) — ZEZ} /l\MOZZ - ZH(Q;MO*).
This implies that we can replace our original fibration with the fibration se-

quence

HQ®MO") -~ MO, — H®®MOy,).
Putting this all together, we have
Theorem 3.8. MO, is the fiber of the map H(® @ M 0;) —» TH(Q® MO
corresponding to the homomorphism £7°8 € Hom, (MO} ,,"®MO"[[0” ",
where T°0x =Y 7o, eT(x)o7*.

Although these results, together with Boardman’s [3], show that M 0Zz is not
a wedge of Eilenberg-Mac Lane spectra, they do give us one interesting splitting.
Corollary 3.9. M 0Zz ~ Tv]l/l\OZ2 Jor some Z,-spectrum ]l/l\OZ2 , where T is the
Jfiber of the map t: H(®PRZ,[B, ! 1) = ZHQ corresponding to the homomorphism
Z,B7'1— %4,"107'] given by B7* — 67%.

}ir_gof . This follows from an algebraic splitting. Write MO" = Zzem* where
MO" is the set of elements of MO" of strictly negative degrees. Then we can
write MO*[[87']1=Z,[0""1® MO"[[67']].

Now M 022 has a subalgebra Z,[8, '1. The map =°9 carries this subal-
gebra isomorphically onto the subalgebra Z,[607'] of MO*[[67']]. Let 11/4\022
be the kernel of the composite MO, — M o' - Z2[0_1] . Then >0
carries A7\0;2 into MO*[[6™']]. Thus we can write £0 as the direct sum of
the two maps Z,[8 '] — Z,[0”'] and MO, — MO'[[§']]. This algebraic
splitting gives rise to the splitting of the spectrum M 0ZZ . O

We will use the spectrum T to study transfers and cohomology operations
in §5.

4. THE STRUCTURE OF mOZz

Although M 0Z2 does not represent geometric Z,-bordism, there is a spec-
trum which does, which we will call mOzz . It can be defined explicitly in the
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following way. If V' is a real representation of Z,, let bOZZ(V) be the space
of |V|-dimensional planes in ¥ @ R™, with Z, acting by translation of planes
(R denotes the trivial one-dimensional representation of Z,). This has an ob-
vious |V|-dimensional Z,-vector bundle over it, and we let mO, (V) be the
Thom space of this bundle. (Following [10], we should say that this defines
a prespectrum, and let mOZ2 denote the corresponding spectrum.) It is well
known that this spectrum represents geometric Z,-bordism; see, for example
[14, 13, or 4]. In conformity with our previous notation, we write m022 for
the geometric bordism groups, graded cohomologically. It is obvious that there
is a Z,-map of spectra m0Zz - M 0ZZ which induces the obvious map from
geometric bordism to stable bordism.

Although we know that mOZz exists, an interesting question is: In what
sense is it unique? We cannot appeal to a Z,-version of Corollary 1.8, since
geometric bordism is only naturally defined in integer grading. The problem is
exactly the one pointed out in Theorem 2.12. As we will see, we can appeal to
some property of m0Zz beyond the fact that it represents geometric bordism to
get its uniqueness. We will get one such uniqueness result in this section, and
another in the next.

Suppose then that X is any Z,-spectrum which naturally represents geo-
metric Z,-bordism, meaning that for any Z,-space 4, ,\N’*(A) is naturally
isomorphic, as Z-graded homology theory on Z,-spaces, to the Z-graded Z,-
homology theory given by the geometric Z,-bordism groups of 4. Let .Z Y=
M 0*[19] ,B,,...] where |B,| = —i. Again, we have a short exact sequence of
free M O’-modules,

0—m0O; —. M — MO {r,r,,...} -0,
as in [2], and (sz AX) =.#". As in §3 we can show

Lemma 4.1. If X naturally represents geometric Z,-bordism, then EZz ANX ~
HOL4").

Also, since we do have i*X ~ MO by Corollary 1.8, and, as in §3, X must
be split, we get

Lemma 4.2. If X naturally represents geometric Z,-bordism, then EZ2+ ANX ~
EZ; N\HQ®MO™).

Now consider the connecting map fiz ANX — ZEZ; AX,or HOQ.#") —
SEZI AH(Q® MO"). There is a submodule MO*{B,,B;,...} Cc #" and

A= MO {B,, ﬂf, ...} ® mOj_ . Further, the restriction of the connecting
map to

H®® MO (B, ,B},...}) - SEZ; NH(Q® MO")

is a homotopy isomorphism on fixed-points. Thus, as in the previous section,
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we use Theorem 2.7 to conclude

Theorem 4.3. If X is a Z,-spectrum which naturally represents geometric Z,-
bordism on spaces, then there is a fibration

X - H®®m0;)—IH(Q® MO").

The problem now is to determine the k-invariant in this two-stage Postnikov
tower. Without further hypotheses on X , however, there is little that we can
say. In fact, Theorem 2.12 and the existence of mOZ2 give us this converse of
Theorem 4.3:

Corollary 4.4. Suppose that X is the fiber of any map from H(® ® mO*Z ) to
ZH(Q®MO,). Then if A isa Z,-CW-complex, there is a natural isomorphism

X,(4) = MO, ((4/Z,)/4™) ® (MO,(4%) ®,,,, mO?),

and therefore a natural isomorphism )A(/'* (A) = i%f’ (A). Thus any such X
naturally represents geometric Z,-bordism on spaces.

What, then, distinguishes mO,, from all of these other spectra? Here is our
first answer, together with the structure of mOZz :

Theorem 4.5. If X is a Z,-spectrum which naturally represents geometric Z,-
bordism, and if there is a Z,-map X — M 0Zz which represents the obvious
transformation from geometric to stable bordism, then X is equivalent to mO,, .
Moreover, mO,_ is the fiber of the particular map H(®@m0} ) — ZH(Q®MO")
corresponding to
* * * —1
0 mO, — s, @MO'[[6 1],
where °0x =Y 10, e (x)67% .
Proof. If X has the properties stated, then the map X — M 0Z2 gives a diagram

HQ®MO0O") - X — H(<I>®m022)
l= !

HQeMO") — MO, - H(<D®M0;2)
where the rightmost vertical arrow is induced by the inclusion m022 - M 0;2 .
This we can see by examining how we constructed the top row. From this and
Theorem 3.8 we can read off the k-invariant for X : it is given by 8. On
the other hand, the diagram above clearly determines X up to equivalence;
since mOZz is known to satisfy the hypotheses, all such X must be equivalent
to m0, ,and mO, has the stated structure. O

Again, we can deduce that, although mOZz is not a wedge of Eilenberg-
Mac Lane spectra, there is some splitting.

Corollary 4.6. mOZz ~HZ,Vv ;1\022 for some spectrum r71\0Zz .

Proof. The proof is essentially the same as that of Corollary 3.9. In this case,
though, we notice that one factor looks like the fiber of the unique nontrivial
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map H® — LHQ, and we know that that fiber is HZ,, from the short exact
sequence of Mackey functors

0-Q—-2Z,-®—-0. O

5. TRANSFERS

The uniqueness result proved at the end of the last section is unsatisfactory,
in the sense that the existence of a map into M 0ZZ is a somewhat unnatural
extrinsic condition. We would like a more intrinsic condition, and in this section
we will find one in terms of transfers in the bordism homology theory.

We start by studying equivariant transfers in the homology theories repre-
sented by spectra given by two-stage Postnikov towers of the sort we have been
studying. The transfers we are interested in are somewhat special: they are the
transfers associated with double covering maps of the form 4 — 4/Z, , where
A is a free Z,-space (and we consider A/Z, to be a trivial Z,-space). Associ-
ated to such a map is the stable transfer map X A4/Z, — £ 4, which induces,
for any Z,-spectrum X, a map t: X,(4/Z,) — X,(4) [10]. Our first object
then is to study 7 for our special spectra X .

Before doing that, let us remark that we know geometrically what this transfer
looks like in the bordism theories. If M — 4 /Z2 is a Z,-manifold over 4/Z,,
then t carries it to the class of the manifold M over A, where M is the
pullback in the diagram

—~

M —— A4

l I

M —— A/Z,.

This is the standard description of the transfer in bordism theories. To check
that this agrees with the map 7 is an easy exercise using the Pontrjagin-Thom
construction that shows how bordism theories are represented by Thom spectra
in the first place.

Consider the Z,-spectrum T that we split off from M 0Z2 in §3. Recall that

it is the fiber of the map H(® ® Z,[f, l]) — XHQ specified in the usual way
by B 07",
Theorem 5.1. If A is a free Z,-CW-complex, then

T,(4) = H(4;Q) = H,(4/Z,),

and

T,(A/Z,) = HP(A/Z,;®)®, Z,[B, ']
= H,(4/Z,) ®,, Z,(B; ']
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where the homological degree of B, "is —1. The transfer t: H,(4/Z,) ®,,
Z,[8; "1 — H,(A/Z,) is given by

—k k
(x®B, )=w, Nx

where w, € H : (A/Z,) is the first Stiefel-Whitney class of the bundle A — A|Z, .
Proof. The calculations of T,(4) and T,(4/Z,) follow when we notice that
H*ZZ(A;d)) = 0 because A is free, and Hfz(A/ZZ;Q) = 0 because Z, acts
trivially on 4/Z, .

To find the transfer, consider the projection M sz (B) — T,(B) for any
space B, given by the fact that T is a wedge summand of M 0Z2 . Notice that

MO?(A/Z,) = MO,(4/Z,) ®,,, MO by Theorem 3.8, and the summand

MO,(A]Z,) ®,,. MO,[B; 1= MO,(4/Z,) ®, Z,[B; ']
maps onto T,(A4/Z,) by means of the usual projection
MO,(A/Z,) — H (A/Z,).

If x®B]* € T,(4/Z,) then, there exists a Z,-trivial manifold M over 4/Z,
such that x® ks the image of the stable manifold M — D(Lk) over A/Z,,
where M maps entirely into the origin of D(Lk) . (It can be shown that f; ks
represented by the stable manifold given by inclusion of the origin in D(Lk) J)
Write me M sz(A /Z,) for the class of M — D(Lk) . Then, as noted above,
7(m) is represented by the stable manifold M- D(Lk), where M is the
pullback of the double cover 4 — A/Z, .

Now we need to show that the image of 7(m) in T, (A) is what we claim
it is. To do this, start by making the map M- D(Lk) transverse to the
origin; we can do this equivariantly because M is free [14 or 8]. Let N be the
submanifold of points mapping into the origin. As free stable manifolds over
A, M D(Lk) is easily seen to be equivalent to N — *, or just N. Thus the
image of t(m) in H,(A4/Z,) is the image of the fundamental class [N/Z,].

It suffices to find the image of this fundamental class in H, (M), considering
N/Z, to be a submanifold of M. But this is actually a familiar problem.
Notice that the problem of finding an equivariant map M- D(Lk) transverse
to the origin is equivalent to the problem of finding a section M — M x z, Lk
transverse to the zero-section. In the latter case, N/Z, will be the inverse
image of the zero-section. Thus N/Z, is the submanifold of A/ which is said
to be “dual” to the bundle ék , where ¢ is the line bundle associated to the
principal bundle M — M . It is well known that the image of [N/Z,] is then
the homology class dual to 'wk(ék) = wf &), or 'wf(é) N [M]. By naturality,
the image in H, (4/Z,) is w:‘ Nx asclaimed. 0O




252 S. R. COSTENOBLE

This result actually gives us all of the transfers that we are interested in. For
example,

Corollary 5.2. Suppose that f: HD — S"UHQ s the operation specified by
z,';=0ak0""', with a, € Mzk (see the remark after Theorem 2.10), and let X
be the fiber of f. Then for any free Z,-CW-complex A, the transfer

X.(4/Z,) = H,(A/Z,))
Lt !
X, (A) *"H,(A/Z,)

*

1R

is given by t(x) = ZZ=0wf_k Na,x, where w, is the first Stiefel-Whitney class
of the bundle A — A/L,, and we use the dual action of the Steenrod algebra on
H (A/Z,).

Proof. In defining the spectrum T, we noted that we had an isomorphism
-1 * *
[HO,H(®®Z,[B, ])]Z2 — [H@,ZHQ]Zz.

Therefore, f factors through a unique map H® — X"H (PRZ,[B8, 1]) , and we
can find a Z,-map X — T making the following diagram commute:

HQ X S"H®
- |
HQ T H®SZ,[8;)).

From this we see that we can compute the desired transfer in X, (—) by pushing
into T,(—) and computing the transfer there. But X,(4/Z,) — T,(4/Z,) is

clearly given by x — Zg, x® ﬂf‘_" , so the previous result gives us the calculation
as claimed. O

Most generally,

Corollary 5.3. Suppose that f: H®QV,) — ZH(Q ® W,) is the map corre-
sponding to f,: V, — %'@W‘[[e_]]], and that X is the fiber of f. Then, for
any free Z,-CW-complex A, the transfer

X,(4/Z,) = H,(A4/Z,)8V,
bt l
X, (4) = H/(A/Z,)®W,

is given by 1(x ®v) = f,(v)x, where 4" @W,[[0']] acts on x by the rule

(@, ®w)8 "x = (w; Na,x) ®w.

Given the k-invariant, we have now written down the transfer. What we
would like to do is to reverse this process. That is, we want to say that knowing
the transfer determines the k-invariant.
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Theorem 5.4. If f: HD — =" HQ is a nontrivial map, and X is its fiber, then
there exists a free Z,-CW-complex A such that the transfer X (A/Z,) — X, (A4)
is nontrivial.

Proof. Suppose that f is specified, in the notation after Theorem 2.10, by
ZZ=0ak gk . By Corollary 5.2, we need to find a free Z,-space A and a class
X € H (A/Z,) such that wa ~*n a,x # 0. Equivalently, we need to find a
nonequivariant space B, a line bundle ¢ over it, and a class x € H (B) such
that Zw;'_k(é) Na,x # 0. Dualizing, it suffices to find B, £, and a class
y € H"(B) such that Za,(y Uw!™) £0.

Let us take B to be of the form K x RP™, where K is any CW-complex,
and ¢ is taken to be the pullback of the canonical line bundle over RP*™
H*(K x RP®) = H*(K) ® Z,[w], where w = w,(£). Let k, be the largest
index such that @, is nontrivial. Then, for any y € H"(K), we have

a yw"—k =a (yw"_k") + higher terms in w
k ko
= ako(y)w"_ko + higher terms in w.

We can easily choose K and y so that @, (») # 0, and then we are done. O

Corollary 5.5. If f and g are two different maps from H® to "M HQ, and
X and Y are their fibers, then there is a free Z,-space A such that the transfers
X, (A/Z,)) — X (A) and Y (A/L,) — Y (A) are different.

Again, this implies the same result for spectra given by the more general
two-stage Postnikov towers of the form H(®® V,) - ZH(Q® W,). In other
words, we have shown that these transfers determine the k-invariant. This
result should be contrasted with Theorem 2.12.

In particular, from Theorem 4.5, we have a better uniqueness result for
mOZZ:

Corollary 5.6. mO, is the only Z,-spectrum which naturally represents geomet-
ric bordism and also gives the correct (i.e., the geometrically defined) equivariant
transfer for every double cover of the form A — A|ZL,, where A is a free Z,-
CW-complex.

Again, to check that mO does give the correct transfer is an exercise in trac-
ing through the definition of the Pontrjagin-Thom construction. Alternatively,
we could apply the formula of Corollary 5.3 above to the known k-invariant,
and verify that this agrees with the geometry. This is laborious, but instructive
in showing another way in which I' arises in studying bordism.
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